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Introduction

Klassische Eichtheorien punktformiger Teilchen — wie zum Beispiel die Theorie der
Elektrodynamik — kann man als Theorie von Vektorbiindeln mit Zusammenhang
verstehen. Dabei entspricht die Feldstarke des Eichfeldes der Kriimmung des Zu-
sammenhangs, und die Wirkung eines Teilchens, das sich durch das Eichfeld bewegt,
wirdzu einem Teil durch Paralleltransport entlang seiner Weltlinie bestimmt.

Man unterscheidet zwei Arten von Weltlinien, geschlossene und solche mit En-
den. Der Paralleltransport um eine geschlossene Weltlinie 1483t sich als Holonomie
des Zusammenhangs ausdriicken; diese nimmt Werte in der Strukturgruppe des Vek-
torbiindels an. In dieser Arbeit wird das immer U(1) sein. Im Fall einer Weltlinie
mit Enden werden an den Endpunkten Trivialisierungen des Vektorbiindels gewahlt,
so dass der Paralleltransport um solche Kurven ebenfalls Werte in dieser Gruppe
annimmt. Ich werde deshalb vereinheitlichend in beiden Féllen nur noch von Holo-
nomie sprechen.

Ebenso wichtig wie Vektorbiindel mit Zusammenhang selbst sind Morphismen von
Vektorblindeln mit Zusammenhang: sie bringen Eichtheorien, die durch verschiedene
Vektorbilindel mit Zusammenhang definiert werden, in Verbindung und ermoglichen
eine Klassifizierung von Eichtheorien. Es ist demnach natiirlich, Vektorbiindel mit
Zusammenhang als Kategorie zu behandeln.

Wihrend die gerade erwdhnten, punktférmigen (null-dimensionalen) Teilchen ein-
dimensionale Weltlinien besitzen, beschéftigt man sich in der Stringtheorie mit ein-
dimensionalen physikalischen Objekten, die zweidimensionale Weltflachen iiberstrei-
chen. Man erwartet, dass sich eine Eichtheorie fiir solche Teilchen in gewissem Sinne
analog zu der oben skizzierten Eichtheorie fiir punktformige Teilchen verhélt. Zu
ihrer Beschreibung wird also zunachst ein Objekt benotigt, welches die Berechnung
von Holonomie entlang einer zweidimensionalen Flache erlaubt, und somit die Rolle
des Vektorbiindels mit Zusammenhang in der Stringtheorie iibernimmt. Ein derar-
tiges Objekt wird allgemein als Gerbe mit Zusammenhang bezeichnet.

Fiir den Begriff Gerbe existieren in der Literatur verschiedene, teilweise nicht-
dquivalente Definitionen [Bry93, Mur96, Hit01, Moe02], von denen aber nur einige
geeignet zu sein scheinen, zur Definition einer Gerbe mit Zusammenhang ausgedehnt
zu werden. Eine davon ist Gegenstand dieser Arbeit: die Biindelgerbe. Da ich vor
allem an ihrer Holonomie interessiert bin, werde ich in dieser Arbeit von vorneherein
nur Biindelgerben mit Zusammenhang behandeln, und diese von nun an verkiirzt



2 INTRODUCTION

als Blindelgerben bezeichnen.

Zunichst wurden Biindelgerben als alleinstehende Objekte eingefithrt [Mur96].
Um sie zu klassifizieren, wurden spater Morphismen von Biindelgerben definiert
[MS00], sogenannte stabile Isomorphismen. Durch sie wird eine Aquivalenzrelation
auf der Menge der Biindelgerben definiert, deren Aquivalenzklassen in Bijektion zur
Deligne-Kohomologiegruppe H?(M, D,) stehen. Im Umgang mit stabilen Isomorphis-
men stellt es sich jedoch heraus [Ste00, SSWO05], dass man hier — im Gegensatz zu
Morphismen in einer Kategorie — zum Vergleich zweier stabiler Isomorphismen einen
Begriff von Morphismen von stabilen Isomorphismen benotigte. Damit ist klar, dass
Biindelgerben keine Kategorie bilden konnen. Vielmehr wird in [Ste00] gezeigt, dass
Biindelgerben zusammen mit stabilen Isomorphismen und Morphismen von stabilen
Isomorphismen — sogenannten Transformationen — ein 2-Groupoid® bilden.

Der Nutzen von Biindelgerben in der Stringtheorie und in der Lagrange’schen For-
mulierung von zweidimensionaler konformer Feldtheorie ist erwiesen [GR02, Gaw(05,
SSWO05], wird aber hier nur eine untergeordnete Rolle spielen. Man kann diesen An-
wendungen aber die Motivation fiir die Untersuchung zweier Begriffe entnehmen:
der einer Trivialisierung und der eines Gerbenmoduls einer Biindelgerbe. Um nam-
lich die Holonomie einer Biindelgerbe entlang einer Weltflache zu berechnen, sind
zunachst — analog zur Unterscheidung zwischen geschlossenen Weltlinien und sol-
chen mit Enden bei punktformigen Teilchen — geschlossene Weltflachen und solche
mit Rand zu unterscheiden. Im Fall einer Weltflache mit Rand werden durch einen
Gerbenmodul Randbedingungen gestellt. Dann wird in beiden Fallen die Holonomie
durch die Wahl einer Trivialisierung berechnet.

In dieser Arbeit schlage ich eine Definition fiir eine neue Art von Morphismen
zwischen Biindelgerben vor, die ich stabile Morphismen? nenne (Definition 1.3A).
Entsprechend definiere ich Morphismen zwischen stabilen Morphismen (Definition
1.5A). Eine gewisse Klasse der stabilen Morphismen definiere ich als stabile Isomor-
phismen (Definition 1.3B). Als Eigenschaften dieser Definitionen mdochte ich drei
Erkenntnisse darlegen.

Erstens ergibt sich, dass die Aquivalenzrelation, die durch die hier definierten
stabilen Isomorphismen auf der Menge der Biindelgerben definiert wird, mit der
oben erwihnten Aquivalenzrelation aus [MS00] iibereinstimmt; der Isomorphiebegriff
von Biindelgerben bleibt also unberiihrt. Ich liefere den Beweis dieser Aussage im
Appendix (Theorem A.1).

Zweitens umfasst die hier gegebene Definition von stabilen Morphismen verein-
heitlichend Trivialisierungen und Gerbenmoduln: eine Trivialisierung einer Biindel-
gerbe G ist demnach ein stabiler [somorphismus von G in eine bestimmte Art trivialer
Biindelgerbe, und ein Gerbemodul ist ein stabiler Morphismus von G in eine solche
triviale Blindelgerbe. Diese Aussagen sind, zusammen mit den grundlegenden Defi-
nitionen einer Biindelgerbe, eines stabilen Morphismus, und eines Morphismus von
stabilen Morphismen, Gegenstand von Kapitel 1 dieser Arbeit.

Als drittes Resultat zeige ich in Kapitel 2, dass Biindelgerben zusammen mit den
hier definierten stabilen Morphismen und Morphismen von stabilen Morphismen ei-

n [Ste00] wird zwar von einem Bigroupoid gesprochen, dessen Definition stimmt jedoch mit
der hier gegebenen Definition einer 2-Kategorie (mit zusétzlichen Eigenschaften) iiberein.
2Dieses Wort wird zwar auch in [Ste00] verwendet, aber in einem anderen Sinn.
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ne 2-Kategorie B&tb (M) bilden. Dazu stelle ich ausfiihrlich die Struktur zusammen,
und tiberpriife die Axiome. Es stellt sich heraus, dass die so definierte 2-Kategorie
der Biindelgerben ist nicht strikt ist (Remark 2.4A). Weiter ergibt sich, dass die
stabilen Isomorphismen genau die invertierbaren 1-Morphismen von B&tb(M ) sind
(Theorem 2.5A), so dass im Nachhinein der Begriff stabiler Isomorphismus gerecht-
fertigt wird.

Die Definition der 2-Kategorie B&tb(M ) der Biindelgerben iiber M erlaubt einen
prazisen Umgang mit Biindelgerben und ihren Morphismen: im letzten Abschnitt
dieser Arbeit gebe ich an, wie die Wohldefiniertheit der Definitionen von Holonomie
von Biindelgerben und Holonomie von Biindelgerben mit Gerbenmoduln — so wie
sie in [CJMO02] gegeben wurden — in direkter Weise aus den Eigenschaften der 2-
Kategorie B&tb(M) folgt, und nicht aufwindig bewiesen werden muss.

Mit der Definition von B&tb(M) wird unmittelbar deutlich, dass die Eichtrans-
formationen einer Biindelgerbe G — das sind alle stabilen Morphismen von G nach
G — eine Kategorie bilden: das ist namlich in jeder 2-Kategorie der Fall. Sie bietet
auBerdem die Moglichkeit, den vermuteten Zusammenhang von Biindelgerben mit
einer gewissen noch zu spezifizierenden Klasse von 2-Biindeln prazise als Aquivalenz
von 2-Kategorien zu formulieren.

Ich bedanke mich sehr herzlich bei meinen Gutachtern, Christoph Schweigert und
Birgit Richter. Aulerdem bei Urs Schreiber, der meine Aufmerksamkeit auf die 2-
kategoriellen Aspekte der Theorie von Biindelgerben gelenkt hat, und mit dem ich
unzahlige Diskussionen zu diesem Thema fiihren durfte. Letztendlich ware diese
Arbeit aber ohne die Fachbereichsverwaltung des Departments Mathematik nicht
zustande gekommen; ebenfalls nicht ohne die wohlwollende Unterstiitzung durch
den Studiendekan, Herrn Professor Bodo Werner.






1 Bundle Gerbes

The first section 1.1 introduces the language of categories and descent theory,
which will be used throughout this thesis. After the well-known definition of a bundle
gerbe in section 1.2, I present my definition of stable morphisms and stable isomor-
phisms of bundle gerbes in section 1.3, together with their law of composition. In
section 1.4 I show that it contains trivializations and bundle gerbe modules of a
bundle gerbe as special cases. The last section provides the definition of morphisms
of stable morphisms.

1.1 The monoidal Stack of Vector Bundles

The theory of bundle gerbes is build on the theory of (complex) vector bundles over
smooth manifolds and their descent theory. In many situations the following question
arises: when A is a vector bundle over a smooth manifold Y, and 7 : Y — M is a
smooth map, is there another vector bundle B over M, such that 7*B and A are
isomorphic vector bundles?

Because the same question also arises for morphisms of vector bundles, it is natural
to discuss it in a categorial framework. The discussion leads to the definition of the
stack of vector bundles.

Just to be complete, I start with the definition of a (small) category.

DEFINITION 1.1A. A category € consists of the following data:

e a set of objects Obj(€),

e for each two objects A, A" a set of morphisms Home (A, A),

e for each object A an identity morphism id4 € Home (A, A) and
e for each three objects A, A, A" a map

o : Homg(A', A”) x Homg (A, A") — Homg(A,.A"), (1)
such that the following two azxioms are satisfied:
(C1) Identity: for each morphism (3 € Home(A, A’) the identity aziom

idA/Oﬁ:ﬁ:60idA. (2)
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(C2)  Associativity: for all morphisms 3 € Homg (A1, Ag) , 3 € Home( Az, A3) and
3" € Homg(As, Ag) the associativity aziom

(8"0B)oB=p"0(80p). (3)

If € and ® are two categories, one can form the product category € x ® with
objects Obj(€) x Obj(®), morphisms Homeyo((X,Y), (X', Y’)) = Home (X, X') X
Homg (Y, Y”) and the composition is also the direct product of the composition maps
from € and ®. A trivial example of a category is the category 1 consisting of only
one object e and with Hom(e, ) = {id,}. For this category, I canonically identify
the direct products 1 x € and € x 1 for any category € with € itself for simplicity.

An invertible morphism 3 € Homg (A, A’) is called isomorphism, and the category
¢ is called a groupoid, if every morphism is an isomorphism. Recall further that

e a functor F' : € — © consists of maps F' : Obj(€) — Obj(®) and F :
Home(X,Y) — Homg(F(X), F(Y)) respecting the composition of morphisms
and the identity morphism. For each category € there is the functor id¢ consisting
of identity maps.

e a natural transformation n : FF = F’ of two functors F, F’ : € — © is for each
object X € Obj(€) a morphism 7nx € Home(F(X), F'(X)), such that for every
morphism f € Homg(X,Y') the diagram

F(X)—"=F'(Y)
F(f)l lF’(f) ()
F(Y)——=F'(Y)

%
commutes. For each functor F' there is the identity natural transformation id :
F = F. A natural transformation is called natural equivalence, if the morphism
Nx is an isomorphism for each object X.

e a functor F : € — ® is called an equivalence of categories, if there is a functor
F*:® — € and two natural equivalences

| : FoF* = idp (5)
ro F*oF = ide. (6)

As a first example of a category, let Bun(M) be the category of vector bundles
over a smooth manifold M, together with morphisms of vector bundles, and the
usual composition of morphisms of vector bundles. Throughout this thesis, by vec-
tor bundle I mean a smooth hermitian complex vector bundle of finite rank with
connection, and all morphisms of vector bundles are meant to be smooth and to
preserve the hermitian metric and the connection. The preservation of the hermiti-
an metric implies that every morphism is an isomorphism, hence Bun(M) is even a
groupoid.

DEFINITION 1.1B. A monoidal category is a category € together with the follo-
wing additional structure:
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e a functor @ : € x € — € together with a natural equivalence’

Cx@x@iﬁgLQXC

7

®xide « ® . (7)

//

Cx €

¢

e a functor 1:1 — €, together with natural equivalences

¢ e e e Lexe
V4 v
)\ ® and e ® (8)
ide ide
¢ ¢

The three natural equivalences have to satisfy the following two coherence axioms:

(MC1) The Pentagon identity*:

CxECxExC
ide xide X® Cx ¢
\ X X ide xide X®
ide x®xide CxeExC id
. / ® X1 Q_‘Xid@ QX@X@
ExeEx e }Xa idex® ide x®xide aX{/d\ Jene
ﬁa@\ - CxCxC oxide Ex¢
®xide ExC i\dgx% l /a/
CxEXE  @xide Cx ¢ ®
7N
ExC ® \ l o ®
®><id¢ / \
Cx e = ¢
®
¢

3Diagrams of this type are used to express, that a is a natural equivalence from the functor
® o (ide X ®) to the functor ® o (® x ide¢) — which are both functors from € x € x € to €- with a
view to avoid the composition symbol o.

4Equations of two diagrams like the next one are equations of natural equivalences: parsing the
boundary arrows clockwise, one obtains from both diagrams the same functor, here ® o (ide X ®) o
(ide x ide X ®). By parsing counter-clockwise, one obtains another functor, here ® o (® x id¢) o
(ide x ® X idg). These two functors are both functors from € x € x € x € to €, and each diagram
is a natural transformation between the clockwise parsed functor and the counter-clockwise one.
Now the equation states that the two natural transformations are equal.
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(MC?2) The triangle identity:

ide x1xidg ide Xx1xide
Cx ¢ e Ex¢ ExXEXC
d/ 1dQ><®
oxide

®Xide Cx ¢

® idg: X idg_‘

According to the definitions of functors and natural transformations there are ob-
vious definitions of monoidal functors and monoidal natural transformations, which
can be found in the literature [ML97].

Recall that I presented the groupoid Bun(M) of vector bundles over a smooth
manifold M as an example of a category. Now I endow this groupoid with the
structure of a monoidal category. I denote the trivial vector bundle M x C (equipped
with the trivial flat connection) by 1. To make the groupoid Bun(M) together with
the trivial vector bundle 1 and the usual tensor product of vector bundles into a
monoidal category, I just have to note that the natural equivalences a, A\ are given
by the canonical isomorphisms

aspce  A®(B®(C) — (A®B)®C (9)
A 1®A — A (10)
or : A®1 — A (11)

of vector bundles over M. As known from the theory of vector bundles, these iso-
morphisms are coherent in the sense of the axioms (MC1) and (MC2) of a monoidal
category. In this thesis I will often abbreviate these canonical isomorphisms by “22”,
to simplify equations and diagrams, and only sometimes use a, A4 and g4 to em-

phasize their presence.

In the following, two additional structures on monoidal categories are important.

o Letex: € x € — € x € be the functor which exchanges the two components of a
direct product. A symmetry on a monoidal category (€, 1,®, a, \, o) is a natural

equivalence
X
7
7 e (12)
®

such that
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and which is compatible with «,

Cx € x & ®@xide ¢ %@ ExeExC
7/ idgxexl ®
ide xex \ / Oy e /
1d1‘><® l \

Xid@
CxExC /\ | soids \

N4 ® = 71/ \leclx@
®xide /\Cxci

and with A and p:

id@Xl

ide x1 ¢ /Q:XQ:
¢C——=Cx¢ o
7 ¢ ®
QR Ex ¢
ide ide
¢ %/
E——>¢

o
-

A monoidal category with a symmetry is called symmetric monoidal category.

e Suppose there is a monoidal category €(M) for each smooth manifold M. A
pullback structure on €(M) is a functor

[ e(M) — E(N) (13)
for each smooth map f : N — M together with a natural equivalence
Top t (fog) = g of", (14)

for each two composable maps f: N — M and g : O — N which is coherent for
threefold compositions

P00t N-Tsy (15)
of smooth maps, which means that

(fogoh)*

e(M) - e (P) ¢(M

71Fhﬂog Tf goh
i (//fg\ hto= f* (goh{ h* (16)
Tg.f 9.k
¥ AN
CN) ———=€(0)  EN)———(0)

as natural transformations from (fogoh)* to h*og*o f*, and which is compatible
with the monoidal structures (I don’t write out the diagrams here).
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The groupoid Bun(M) comes naturally with a symmetry and a pullback structure:
the symmetry is given by the canonical isomorphisms

Yap i A®B — B®A (17)

for each two vector bundles A and B. To define its pullback structure, recall [Bar04],
that the pullback of a vector bundle A via a smooth map f : N — M is unique-
ly defined up to canonical isomorphisms of vector bundles. This gives a functor
f* 0 Bun(M) — Bun(N), sending the bundle A over M to the fibre product
ffA = N xy; A, and an isomorphism ¢ : A — B of vector bundles over M to
the isomorphism f*p := 1 X ¢ of vector bundles over N. Note that the pullback is
compatible with the composition of smooth maps f: N — M and g : O — N in
the sense that there are canonical natural equivalences

(Tgp)a = (fog)A = g"f"A, (18)

which are coherent when concerned with a threefold composition, and compatible
with the other structure of Bun(M).

Now let m : Y — M be a surjective submersion. Whenever I am concerned with
a surjective submersion, by Y¥ I denote the k-fold fibre product of Y with itself,
which is again a smooth manifold. I denote the canonical projections from Y* to Y
with [ < k by m;,.,, where the indices indicate those components of Y* on which
is projected. Note that whenever f : Y; — Y5 is a fibre-preserving map between
surjective submersions, there are canonically induced maps f : Yl[k] — YQM on the
k-fold fibre products, which I denote by the same letter for simplicity.

A morphism of surjective submersions 7 : Y — M and 7’ : Y’ — M is a surjective
submersion p : Y — Y’ such that @ = 7’ o p. Here I want to think of a surjective
submersion 7 : Y — M as a generalization of an open cover of M. Recall [Bar04],
that open covers are in bijection to surjective local diffeomorphisms 7 : Y — M,
where for an open cover {U, },c4 one sets

Y= | | U, (19)

a€A

and 7 is the inclusion 7 : U, — M. To develop the theory of bundle gerbes, local
diffeomorphism is generalized to submersion. This generalization is important for
the construction of concrete examples of bundle gerbes [Mei02, GR03] (cf. section
1.2).

Corresponding to the generalization of open covers to surjective submersions, I
introduce a generalization of a stack over a smooth manifold defined on open covers
[Moe02], to the definition of a stack over a smooth manifold defined on surjective
submersions.

DEFINITION 1.1C. A fibred category F over M consists of

e a category F(Y') for each surjective submersion m:Y — M.
e a functor F(p) : F(Ys) — F(Y1) for each morphism p : Y1 — Ya of surjective
submersions.
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e a natural equivalence
Fp,p') « F(p'op) = Fp)o F(p) (20)

for each pair p : Y1 — Y, p' 1 Yo — Y3 of composable morphisms of surjective
submersions, such that for three composable morphisms of surjective submersions
p, P\ and p” : Y3 — Y, the equality

) F(p"op’op) F(p" op’op)

= F(1) F(Y) —p—F (1)

%@’ "op) F' 1PV
F@") ?ﬁ p') Fp) = FO" fp’OQ F(p) (21)
fép’,% \ / \f(p,;g)

F(Y3) F(¥5) F(Ys) = F(2)

F(Ya

o

hS]

F(p")
of natural transformations holds.

To formulate the gluing axiom, define a category Des(F,p) of descent data for a
given fibred category F and any morphism p : Y — Y’ of surjective submersions as
follows:

e its objects are pairs (A, «) where A is an object of the category F(Y) and « :
F(p1)(A) — F(p2)(A) is a morphism in the category F(Y ) such that

Flpi)(a) = idrp)a) (22)
]'—(pm)(a) = ]:(p23)(04) O}—(pu)(a) (23)

as morphisms in the category F (V).

e a morphism 3 : (A,a) = (A',¢’) is a morphism 5 : A — A’ in the category F(Y)
such that the diagram

F(p1)(B)

F(p1)(A) F(p1)(A")

al l“' (24)
Fp2)(A) s Fp2)(A)
of morphisms in the category F(Y ) commutes.

e the composition of morphisms is just the composition of morphisms in F(Y).

Note that the pullback along p defines a canonical functor D, : F(Y') —
Des(F,p). The following definition of a stack is analogous to the definition of a
stack defined on open covers [Moe02].

DEFINITION  1.1D. The fibred category F is called a stack, provided D, is an
equivalence of categories for each morphism p.
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Now I want to give a concrete example of a stack, namely the stack of vector
bundles over a given smooth manifold M. So I define a fibred category B over M
as follows. For a surjective submersion 7 : Y — M let B(Y) := Bun(Y). For
a morphism of surjective submersions p : Y} — Y3 let B(p) := p*. The natural
equivalences B(p,p') : (p' o p)* — p* o p™ are given by the natural equivalence
mp,p for pullbacks of vector bundles. The coherence of these natural equivalences
shows that B is a fibred category. I already mentioned that the categories Bun(Y")
are groupoids. For such “fibred groupoids” equation (22) follows from (23) by the
existence of inverses.

THEOREM 1.1E. The fibred category B is a stack.

Proof . Consider the descent category @es(B,p) for a morphism p : Y — Y’ of
surjective submersions. By definition, an object (A, a) is a vector bundle A — Y
together with an isomorphism

a: mA — mA (25)
of vector bundles over Y2, which satisfies the cocycle condition
T30 = T3t O THQ (26)
over Y. A morphism in Des(B,p) is a morphism
B:A — A (27)

of vector bundles over Y, which is compatible with o and o/ in the sense that the
diagram

A —"—=m;A

wrﬁl lﬂ%ﬁ (28)

of morphisms of vector bundles over Y2 commutes. The canonical functor D, is the
functor p* : Bun(Y’) — Des(B, p), which maps a vector bundle L — Y to (p*L,id),
and a morphism 3 : L; — Ly of vector bundles over Y’ to p*(.

The category Des(B,p) consists exactly of those vector bundles, which satisfy
the well-known descent condition for bundles [Bry93]. This defines a functor Dj :
Des(B,p) — Bun(Y’), such that D; o D), and D, o D; are naturally equivalent to
the respective identity functors. The functor D can be written down explicitly, but
I don’t need the construction in the rest of this thesis. ]

The definition of a fibred category extends naturally to the definition of a fibred
symmetric monoidal category. This way it is clear that the stack B is a symmetric
monoidal stack.
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1.2 Bundle Gerbes

By line bundle I mean a vector bundle of rank 1; according to my conventions this
is a hermitian complex vector bundle of rank 1 with connection. Line bundles over
M form a full subcategory Lin(M) of Bun(M). In the same way I defined the stack
B of vector bundles, there is the symmetric monoidal stack £B of line bundles.

DEFINITION 1.2A. A bundle gerbe G over a smooth manifold M consists of the
following data:

e a surjective submersion m:Y — M which is called the covering of G,
a line bundle L — Y,

a 2-form C' € Q*(Y), which is called the curving of G, and

e an isomorphism

oo el @myls — L (29)
of line bundles over Y

such that the following two axioms are satisfied:
(G1) the curvature of L is compatible with the curving C, i.e.

curv(L) = m3C — m;C (30)
(G2) v is associative in the sense that the diagram

T oa t®1
* * * * 123 * * *
7T123(7T12L ® 7T23L) ® 3, L Tio3Miz L @ w3, L

NH ‘N

* * * * * * *
oL ® 77234<7T12L ® 7T23L) 77134<7T12L ® 7T23L)
1®“§34#J l{WTSUJ‘ (31>
* * * * *
Mol @ o343 L Ti3aT13 L

QJH HQ

7T1F24(7TT2L ® 7TS:SL)

* *
T T e L
* 124'13
T4 M

of isomorphisms of line bundles over Y commutes.

In the diagram, by = I indicate for simplification the usage of the canonical natural
equivalences a, 7 and 7 of the symmetric monoidal category Lin(Y ™).

To every bundle gerbe G over M one assigns a 3-form curv(G) € Q3(M), which is
called the curvature of the bundle gerbe. To this end, observe that from axiom (G1)
it follows that m7dC' = 73dC, since the curvature of a line bundle is a closed form.
Hence, there is a unique 3-form H € Q3(M) with the property 7*H = dC. Define
this 3-form to be the curvature curv(G) := H of the bundle gerbe G.

To give at least one concrete example of a bundle gerbe, I construct to a given
2-form ¢ € Q*(M) on a smooth manifold M a bundle gerbe Z,, which I call the
canonical bundle gerbe with B-field o. To this end, let the covering be Y := M
with 7 := idys, so that Y 22 M. Let the line bundle L be the trivial line bundle,
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and the isomorphism g be the identity. The curving is C' := ¢ € Q*(Y). Now the
axiom (G1) for gerbe data is satisfied, since curv(L) = 0 and m = m = idy. The
associativity axiom (G2) is trivially satisfied, so I have defined a bundle gerbe Z,,.
For the curvature of this bundle gerbe one finds curv(Z,) = dp.

Other examples of bundle gerbes are constructed in [GR02, Mei02, GR03]. Especi-
ally the construction of bundle gerbes over simply-connected Lie groups G different
from SU(N) or Sp(4n) shows, that the generalization of open covers to surjective
submersions mentioned in section 1.1 is essential: here Y is not the disjoint union
of the sets of an open cover of G. Constructions for other manifestations of gerbes
with connection — such as Deligne cocycles or Hitchin gerbes [Hit01] — for such Lie
groups are not known.

For a bundle gerbe G, a consequence of the existence of the isomorphism p is that
the line bundle L restricted to the image of the diagonal map Ay : Y — Y? is
trivial. Furthermore, I construct an isomorphism ¢, : A}; L — 1 of line bundles over
Y via the pullback of the isomorphism p along the diagonal map Aqqq 0 Y — Y8l

T114®1

A
ALL S (ALL®ALL) @ AL L ——2 LA Lo AL ~1. (32)

Here = again indicates the canonical natural equivalences of £in(Y'). I denote the

degeneracy maps of Y by A; ;Y — VI g0 that Aj; and Ayy; reproduce

the above diagonal maps. The isomorphism ¢, is characterized by the following
ProposSITION  1.2B. The isomorphism t, : A7;L — 1 has the properties

oL o (1®@myty) = Ajgopr and  Ap o (m1t, @ 1) = Afjp, (33)

where or, and A\, are the natural equivalences of the monoidal category Bun(Y?).

Proof . This is a direct consequence of the associativity axiom (G2) for the iso-
morphism p, which gives the equations

1@ mAL = Alpop®1  and  m A pu®@1 =18 Aj,pu (34)

of isomorphisms of line bundles over Y. O

1.3 Stable Morphisms and their Composition

In this section G; and G, are two bundle gerbes over M. I denote the data of both
bundle gerbes by the same letters as in Definition 1.2A but with indices 1 or 2
respectively. For the following definition, recall that all vector bundles are complex
hermitian vector bundles with connection.

DEFINITION 1.3A. A stable morphism A : Gy — Gy of bundle gerbes is

e a surjective submersion ¢ : Z — M which is called the covering of A,
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e two maps y; - £ — Y; fori=1,2 such that the diagram

725,
yll iwz (35)
Yl e M

commautes,
e a vector bundle A — Z of rank n and

e an isomorphism
a Yl ® GA — ((A®y,Ls (36)

of vector bundles over Z!%
such that two axioms are satisfied, namely
(SM1) the curvature of A is a real 2-form and fized by
curv(A4) = y3C2 — y; Gy (37)

(SM2) the isomorphism o commutes with the isomorphisms pu; and ps of the gerbes
in the sense that the diagram

TH1®id * % *
i (mig Ly @ ML) ® (G A ne yimisls ® GA
| =
(¥ L1 @ Ga(yiLn ® GGA) L3yl ® GA)
1®§;3at
(¥ L @ G3(CTA® Y5 Lo)
| (fzx (38)
(YL ® GA) ® Gays Lo
Cf2a®lt
(2((TA® Y5 La) @ (315 Lo (i3(GTA @ ysLo)

QH Hg

of isomorphisms of vector bundles over ZB commutes.
Several remarks are in order:

(1) The existence of the isomorphism « imposes a condition for the curvature of
the vector bundle A. The condition (SM1) on the curvature is compatible with
this condition.

(2) There is always a canonical choice for the covering Z by taking the fibre product
Z =Y X1 Ys of the coverings of the bundle gerbes. Restricted to this choice
of the covering, and to vector bundles of rank 1, Definition 1.3B coincides with
the definitions of stable isomorphisms in [Ste00, CJM02, GR02, SSWO05].
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(3) In the Appendix it is shown that admitting other coverings than the fibre pro-
duct is not an essential generalization, which means that any stable isomorphism
is “equivalent” to another one whose covering is the fibre product.

DEFINITION 1.3B. A stable morphism A : G; — G, is called stable isomorphism,
if the vector bundle A is a line bundle, i.e. has rank 1.

I will show in section 2.5, that the term isomorphism is justified in the sense that
stable isomorphisms as defined here are exactly those stable morphisms which are
invertible in a certain sense.

An important feature of stable morphisms is that they can be composed. Already
when defining the composition it turns out that admitting general coverings for
stable isomorphisms simplifies calculations a lot compared to the composition in

[Ste00]. Let G1, G, and Gs be three bundle gerbes over M, and let A:G1 — Gy and
A" 1 Go — G5 be two stable morphisms. Consider the fibre product Z := Z Xy, 7',
i.e. the commutative diagram

A
Z/ \Z
AN (39)

M M M

The space Z comes with a canonical surjective submersion & : Z — M.
DEFINITION 1.3C. The composition of A with A’ is the stable isomorphism
./4./ OA . g1 e g37 (40)

consisting of the covering §~ . Z — M, together with the two projections gy = y1 0 2
and g :=y5 0 2', the line bundle A := z*A ® 2" A’ over Z and the isomorphism

a:=(id ® 2"a’) o (z*a ®id) (41)
of line bundles over Z12.

It is easy to verify that everything is well-defined: the diagram

l i (42)
Yi—>M
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is the outer bound of diagram (39), and hence commutes. For the curvature of A we

find

curv(A) = z'curv(A) + 2" curv(A4’) (43)
= 2Z'ysCo — 2"yiCy + 2"y Cs — 2" yh" Cy (44)
= 5305 — 41Ch (45)

so that axiom (SM1) is satisfied. To see that the composition (41) gives the correct
isomorphism

a: Gl ®GA — (ARG Ls, (46)

first notice that I suppressed three occurrences of the canonical natural equivalence
a of the monoidal category Bun(Z). The extended version of (41) is

Q= aaw o (id®"d) oyl 4 o(z*a®id)oag, aa, (47)

where I dropped the pullbacks in the indices of « for simplicity. The natural equi-
valences arrange the bracketing of tensor products such that the composition of the
maps

Fa®id: (LT GA 8 GA > (FGAS L) ® G (45)
2" S GAD (L @ G A) = FGAS (A @ FL)  (19)

gives the correct isomorphism (46).

Axiom (SM2) for this isomorphism is the commutativity of the diagram (I omit
the expressions at the vertices for simplicity)

Y u1®1®1
* *
1®§~§‘3z*a®1
* G‘gz*a@l
1®1®C~§3z’*o/
* * (50)
g:f2z*a®1®1
* 1®C~f32'*a/
10(F, 2" o/ ®1
* *
11033 13

of isomorphisms of vector bundles over Z. To prove its commutativity, note that the
isomorphisms (332’ and (y2*a on the left hand side of the diagram act indepen-
dently on different tensor factors, so that one can permute their order. After that,
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the diagram splits horizontally:

2y 1 ®1®1
* *
1®(~§‘3z*a®1
* §f3z*a®l
éﬁz*a®1®1
2 Y5 po
* EwES * (51)
_ 2 Yy M2
1®1Q¢552"* o’
* 1®§TSZI*QI
10¢, 2" a'®1
* *

1®1®Z/*yé*ﬂ3

The upper half diagram is the pullback of axiom (SI2) for the isomorphism « by z,
and the lower half diagram is the pullback of axiom (SI2) for o/ by 2’. So the two
half diagrams commute. Both labels at the middle arrow coincide, so that the outer
bound diagram commutes, too.

An immediate consequence of Definition 1.3C is, that the composition of stable
morphisms restricts to a composition of stable isomorphisms:

COROLLARY  1.3D. If A and A’ are stable isomorphisms, also the composed
stable morphism A’ o A is a stable isomorphism.

1.4 Trivializations and Bundle Gerbe Modules

Recall the definition of the canonical bundle gerbe Z, with B-field o. Then the
following definition is quite natural:

DEFINITION  1.4A. A trivialization of a bundle gerbe G is a 2-form o € (M)
together with a stable isomorphism T : G — I,. A bundle gerbe G is called topologi-
cally trivial, if it admits a trivialization. It is called trivial, if it admits a trivialization
with o = 0.

To show, that this definition reproduces the usual definition of a trivialization
[SSW05, GR02, CIJM02], I write out the details: a stable isomorphism 7 : G — Z,
consists by definition of a line bundle 7' — Z. Assume that the covering Z is chosen
canonically, which in this particular situation amounts to Z =Y x,; M =Y. So T
is a line bundle over Y. The projection from Z to Y is here the identity map, and
the projection from Z to M is the surjective submersion 7 : Y — M of the bundle
gerbe G. The trivialization 7 further consists of an isomorphism of line bundles,
which simplifies here to an isomorphism

T LemT — T (52)
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of line bundles over Y2 The axiom (SM2) for a stable morphism is the compatibility
of the isomorphism 7 with the isomorphism p of G, and reduces here to:
5L @ L @ mT 29 L@ miT

QH Hg

Tl ® 7T§3(L ® 7T§T) Wf?)(L ® WST)

1®@m3,T Ti3T (53)
T L @ mosmi T T L
=|| =
mo(L ® T5T) ————=iymi T

Equation (52) and diagram (53) are exactly the conditions one demands usually for
a trivialization [CJMO02]. Additionally, axiom (SM1) for stable morphisms is here
equivalent to

o =C —curv(T). (54)
The existence of a 2-form p with this property usually has to be derived by descent
theory, but here just follows from the axioms. Note that from (54) it follows that

curv(G) = dp, which shows that the curvature of a topological trivial bundle gerbe
is an exact form.

Now I show that bundle gerbe modules, which arise in particular as boundary
conditions of open world sheets, are special stable morphisms.

DEFINITION  1.4B. A bundle gerbe module of a bundle gerbe G is a 2-form
w € Q*(M) together with a stable morphism € : G — I,. The 2-form w is called the
curvature of the bundle gerbe module.

I write out this definition in detail. Let again 7 : Y — M be the covering of the
gerbe, L — Y its line bundle with isomorphism s, and C' € Q*(Y) the curving
of G. Assume that the covering of the stable morphism £ is chosen canonically,
Z =Y xpy M =Y. Then, a bundle gerbe module consists of a vector bundle E over
Y, and of an isomorphism

o: LemE — mFE (55)

of vector bundles over Y. which is compatible with the isomorphism p by axi-
om (SM2) for stable morphisms. This compatibility condition here simplifies to a
diagram of isomorphisms of vector bundles over ZP¥ = YBl namely

1®n3
T L @ (L @ m3E) — > L ® mhymi B
“| B
Tl @ Mz L @ T3 2 Tio(L ® T3 E)
p@1 g0 (56)
T3 L @ T3 E MM B
=| =
mi3(L @ m3 E) Tl

-
T13Q
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This diagram explains the terminology “module”, since it looks like the condition of
a (left) action of L on E. Axiom (SM1) here implies

curv(F) = 1m'w — C. (57)

From this equation one obtains for the curvature H = curv(G) of the bundle gerbe
G the property
H = dw. (58)

In fact Definition 1.4B only covers so-called symmetric bundle gerbe modules,
which are important for the applications of bundle gerbes in the Wess-Zumino-
Witten-model [Gaw05]. In the mathematical literature [BCM 102, CJM02], one also
finds the more general definition of a “non-symmetric” bundle gerbe module. It coin-
cides (apart from the more general coverings here) by dropping axiom (SM1), which
restricts the curvature of the vector bundle E. But also from the 2-categorial point
of view, the restriction of the curvature comes naturally, because when dropping
axiom (SM1) for stable morphisms, Theorem 2.5A wouldn’t hold anymore.

In section 2.6 I show how trivializations and bundle gerbe modules are involved in
the computation of holonomies of bundle gerbes along open and closed world sheets.

1.5 Morphisms of stable Morphisms

Suppose there are two bundle gerbes G; and G, over M, with two stable morphisms
A, A" : G — Gsy. Recall that the stable morphisms provide vector bundles A and A’
over coverings Z and Z’ respectively.

DEFINITION 1.5A. A morphism of stable morphisms
g: A= A (59)
consists of

e a surjective submersion w: W — M called the covering of 3,
o twomapsz:W — Z and 2/ : W — Z' such that the two diagrams

W7
l lyg (60)
A EETR Y;
commute fori=1,2, and
e an isomorphism [ : z*A — 2"* A" of vector bundles over W,

such that the following axiom (MSM) is satisfied: (5 is compatible with the isomor-
phisms « and o/ in the sense that the diagram

Pyl © (G A—0 - ([ A® 2y Ly
1®<;5l lqg@l (61)
Zl*yi*Ll ® C;Z/*A/ z'*a’ sz/*A/ ® Z/*yé*LQ

of isomorphisms of vector bundles over W commutes.
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In the diagram I have dropped some occurrences of canonical natural equivalences
to improve the readability. I have three remarks on this definition:

(1) It is clear that morphisms (§ : A = A’ of stable morphisms only exist, if the
vector bundles A and A’ have the same rank.

(2) There is always a canonical choice for the covering W', namely W := Z Xy, x,,v»)
Z'. In the case that Z = Z’/ = Y] x ;1 Y5 are also chosen canonically, this reduces
to W = Yi XM Yé

(3) For the canonical choices W = Z = Z' = Y] X Ys, and stable isomorphisms .4
and A’, Definition 1.5A coincides with the definition of so-called transforma-

tions in [Ste00] and with the definition of morphisms of stable isomorphisms in
[SSWO05].

To compare morphisms of stable morphisms with different coverings, I introduce
an equivalence relation on the set of morphisms of stable morphisms.

DEFINITION  1.5B. Two morphisms 31 : A = A’ and B, : A = A’ of stable
morphisms with coverings Wy and Wy respectively are considered to be equivalent, if
there is a smooth manifold W with surjective submersions w; : W — W; fori=1,2
such that the diagrams

W —2= W, W ——=TW,
w1l J{Z2 and wll lzé (62)
Wi——27 Wi T)Z’

commute, and the isomorphisms 31 and (s coincide when pulled back to W, i.e.
wifr = w3 0. (63)

Note that equation (63) makes sense because of the commutativity of the diagrams
(62). It is easy to verify that Definition 1.5B defines an equivalence relation.

If there is a third stable morphism A" : G; — G, and two morphisms 3; : A =
A and (B, : A = A" of stable morphisms, both morphisms can be composed.
Diagrammatically, the composition of morphisms of stable morphisms is denoted by

GG, (64)

DEFINITION  1.5C. The composition of the morphisms 5, : A = A’ and (5 :
A" = A" is the morphism
Boof : A = A" (65)

whose covering is the fibre product W := Wy Xz Wy in the commuting diagram
W —== Wy

wll J/zg (66)
Wy ——=27
21
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together with the projections z := zy owy and 2" := 2l o wy to the coverings Z and
Z" of A and A" respectively, and whose isomorphism is

wifoowif : A — A" (67)

The composed morphism [, 0 3; clearly satisfies the axiom (MSM) for morphisms
of stable morphisms. It is furthermore well-defined on equivalence classes of mor-
phisms of stable morphisms: if one takes other representatives 3] and () with co-
verings W{ and WJ respectively, so that there exist spaces Wi and W, according to
Definition 1.5B, then the compositions (350 3; and (0 3] coincide when pulled back
to W = Wl X g Wg.



2 The 2-Category of Bundle Gerbes

The structure defined in the previous chapter fits in the framework of a 2-category.
The aim of the present chapter is to make this statement precise: I define the 2-
category B&tb(M) of bundle gerbes over a smooth manifold M.

In section 2.1 I give the definition of a 2-category, consisting of structure and
axioms. In the following two sections, I relate the definitions of the first chapter
to the structure of the 2-category of bundle gerbes. In section 2.4 I check that the
axioms of a 2-category are satisfied by this structure. This completes the definition
of B&tb(M).

In section 2.5 I relate the definition of a stable isomorphism from section 1.3
to the notion of a 1-isomorphism one has in every 2-category, and show that they
coincide. This is applied in section 2.6 to give short proofs of the well-definedness of
the definitions of holonomy along world sheets with and without boundaries.

2.1 The Concept of a 2-Category

The definition of a 2-category given below is the straight-forward categorification
of Definition 1.1A of a category. The main concept is to replace equalities by
natural equivalences which satisfy certain natural coherence conditions. So, the three
equalities in the axioms (C1) and (C2) are replaced by three natural equivalences.
This requires that the composition map is replaced by a composition functor, and
the identity morphism is replaced by an identity functor. In turn, this requires that
the sets of morphisms become categories. This way one has arrived at the following
definition.

DEFINITION 2.1A. A 2-category € consists of the following data:

o A set of objects Obj(C).
e [or each pair G,G" of objects a category Hom(G,G').
e For each triple G,G',G" of objects a functor

m : Hom(G,g") x Hom(G',G") — Hom(G,G"), (68)

called the composition functor,
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together with a natural equivalence of functors

Hom(G,G") x Hom(G',G") idxm
xﬁom(g”, g///) >

mxid a

Hom(G,G") x Hom(G',G")

_——

m

S’)Oh‘l(g, g//) % 530m(g”, g///)

ﬁom(g’ g///)

for each quadruple G, G', G", G" of objects.

e [or each object G a functor 1g : 1 — $Hom(G, G) together with natural equivalences

N lgxid  Hom(G,G) n idxlg $om(G,G’)
55om(g, g ) —>><5§om(g G ) ﬁom(g, g ) %xﬁom(g’, g/)
\\K | o \f\{ t
id id
Hom(G,g’) $Hom(G,G")

for each two objects G and G'.

This structure has to satisfy two coherence axioms:

(2C1) The Pentagon identity:

ﬁom(g17g2) g g
xHom(Gs, G3) ooml é, 5)
<5om(G1 61 omic g
3, 4
x$Hom g4’g5)\ idxidxm X HHom(Ga, Gs) idxidxm
~60n1<g17 g2) id
idxmxid xHom(Gs, G3) mxid% jg:lng(gg gé))
, 2,93
x $Hom(Gs, Gs) N X $Hom(Gs, Gs)
g)om(gl g2 // idxmxidg | @ idxm
x$yom(Ga, Gy) 1 j i = om(, Gy) Som(G1, G)
x9Hom (G, G dom(Ts, ) e 7
( ) %l@ Xﬁom g4’g5) Xﬁ/ﬁm(g27 G5>
mxide /’%Um(gla92> idxm\ //
X Hom 92795) Xﬁ;:;(l(ggh gé)) mxid g)om(gl’gg m
- (g27g4) x Hom(Gs, Gs)
som(G. G . om(G4, G5 Y
xHom(Gy, G mxi
( 4 5) dﬁom(gl,géo —>S«jom(gl g5)

" Hom(Gy, Gs) x$Hom(Gs, Gs)
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(2C2) The compatibility of A and o with a:

ﬁom(gl, gz) ﬁom(glv g?)
x Hom(Gs, gg)idXIXid Xﬁomg(g% %\xid
\ f)om(gl, gg) i ﬁom(gla g2>
xHom(Gs, Ga) X Hom(Ga, Go)
" Hom(Gy, o) | Hom(Gy, Ga)
Xf’jom(&% 53) \\ ¢ Xﬁom(gz7 gg)
Hom(Gy, Gs) 3§:1ns(gé2géi)ﬁ $Hom(Gy, Gs)

As a trivial example of a 2-category, take any monoidal category (€, ®, 1, «, A, 0),
and define a 2-category with only one object e by Hom(e, ) := € m := ® and
1, = 1. Then the rest of the data and axioms reduce to the data and axioms of a
monoidal category.

For two objects G, G’ of a 2-category €, a 1-morphism A is an object of the
category $om(G,G’) and is denoted by A : G — G’. A 2-morphism is a morphism
B : A — As in the category $Hom(G,G’) and — as a 2-morphism of € — is denoted
by 3 : A; = As. This notation comes from the 2-category €at of categories, whose
1-morphisms are functors, and whose 2-morphisms are natural transformations.

A 2-morphism ( : A; = Ay of l-morphisms A, Ay : G — G is called a 2-
isomorphism, if it is an isomorphism in the category $Hom(G,G’); equivalently: if
there is another 2-morphism (' : Ay = A; such that ' o § = idy, and o g =
idy,. A 1-morphism A : G — G’ is called 1-isomorphism, if there is another 1-
morphism A" : ¢ — G, and two 2-isomorphisms i, : m(A, A") = 1g(e) and i; :
m(A’, A) = 1g/(e). It can be shown that the “inverse”’l-morphism A’ is unique
up to isomorphisms in $Hom(G’, G), i.e. unique up to 2-isomorphisms in €. The 1-
isomorphisms form, together with all 2-morphism between them, a full subcategory

Js0(G,G") of Hom(G,G").

Sometimes (small) 2-categories are defined as a set of objects, a set of 1-morphisms
and set of 2-morphisms, together with one composition for 1-morphisms, and
two compositions for 2-morphisms, called horizontal and vertical composition, and
with various axioms. This is equivalent to Definition 2.1A: the composition of 1-
morphisms is the functor m on objects of Hom(G,G’) x Hom(G',G"), and the two
compositions of 2-morphisms are given by the functor m acting on morphisms of
Hom(G,G") x Hom(G’,G") (horizontal composition, cf. (71)) and by the composition
map of the category Hom(G,G’) (vertical composition, cf. (64)). Then the axioms
(2C1) and (2C2) are stated as compatibility conditions between horizontal and ver-
tical compositions.
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2.2 Structure I: Objects and Functors

To define the 2-category B&tb(M) of bundle gerbes over a smooth manifold M,
I first have to specify the structure. In this section, the objects G, the morphism
categories Hom (G, G’), the composition functor m and the functor 1¢g are defined.

The objects are of course bundle gerbes over M.

For each two bundle gerbes G; and G, over M define the category $Hom(G, Gs) as
follows. Its objects are stable morphisms A : G; — G, its morphisms are equivalence
classes of morphisms 3 : A = A’ of stable morphisms under the equivalence relation
from Definition 1.5B, and the composition is the composition of morphisms of stable
morphisms as defined in section 1.5. For every stable morphism A there is the
identity morphism id : A = A, which has the same covering as A, and the identity
isomorphism. Both axioms (C1) and (C2) of a category are satisfied. Additionally,
each morphism [ is invertible, hence $om(G;,Gs) is a groupoid, and I call it the
groupoid of stable morphisms.

In particular, if G is a gerbe over M, €nd(G) := Hom(G, G) is called the groupoid
of gauge transformations of G, and Aut(G) := Jso(G,G) is called the groupoid of
gauge equivalences of G. Such categories have been postulated by N. Hitchin in his
lecture at the Arbeitstagung 2001 of the MPIM in Bonn.

So the 1-morphisms of B&tb(M) are stable morphisms, and the 2-morphisms are
morphisms of stable morphisms, and every 2-morphism is even a 2-isomorphism.

For three bundle gerbes G, G and G3 I define the composition functor
m : Hom (G, Go) X Hom(Gy, G3) — Hom(Gy, G3) (69)

as follows. It is quite clear that on objects A; : G; — Gy and Ay : Go — G3 it is
defined by the composition of stable morphisms from Definition 1.3c,

m(Al, ./42) = ./42 o .Al. (70)

Now let 51 : A = A} and (5 : Ay = A} be two morphisms of stable morphisms
representing morphisms in the categories Hom(Gy, Go) and Hom(Gs, G3) respectively.
The composition I have to define is graphically denoted by the following diagram:

Aq Ao Az0Aq

G B Go B2 Gz = G m(B, B2) gs (71)
~_ 4
A Al Ao A

Recall that the compositions Ay o 4; and Aj o A} of stable morphisms consist of
vector bundles A := zF Ay @ 25 Ay over Z := Zy Xy, Zo and A’ 1= 2* Ai* @ 25 A, over
7 = Z1 Xy, Z4. Recall further that the morphisms 3, and (5 of stable morphisms
are isomorphisms f; : zfA; — z* Al of vector bundles over spaces W; for i = 1, 2.
Now choose the covering

W =W Xy, W (72)

for the morphism m(3;, 52). Here W; projects to Y, via ys 0 z; = y4 o 2}, where the
equality comes from the commuting diagram (60) in the definition of a morphism
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of stable morphisms. I also have to define projections z : W — Zand 2 W — Z/,
which is done by sending an element (wy,ws) € W to (2z1(wn), 22(ws)) € Z1 X Zs,
which in fact lies in Z since the fibre product (72) is taken over Y3, and analogous
for the primed quantities. Also by the properties of the coverings W, and W5 one
obtains the commuting diagrams

W g
17
; Y,

Zg)

for i = 1,3. So, Wis a valid choice for the covering of m(/;, 32). By construction,
we have the relations

zioZ=ziow; and z oz =2z ouw; (74)
as maps from W to Z; and Z; respectively. Now I am in the position to define the
isomorphism [ of the morphism m(3;, 52) by

B=wh@uwip : A — A, (75)

which is well-defined due to the relations (74) and the definitions of 3;, A and A’.
One can easily check that the axiom (MSM) for morphisms of stable isomorphisms
is satisfied, since I just took the pullback and the tensor product of 5, and (3, which
satisfy the axiom. It is also easy to see that the definition of m(f,32) does not
depend on the choice of representatives (3; and (.

One may check immediately, that by (70) and (75) a functor is defined: the com-
position of morphisms of stable morphisms is respected, and the identity morphisms
of two stable morphisms are mapped to the identity morphism of the composition
of the stable morphisms.

Consider a single bundle gerbe G over M. To define the functor 1g : 1 —
$Hom(G, G), it is sufficient to define the image 15(e) of the object @ in 1. Let L — Y2
be the line bundle of the bundle gerbe G and p its isomorphism. For the definition
of the stable isomorphism Lg := 15(e) choose the covering Z = Y and the line
bundle L itself. Then note that

li=mipqp ™ oy L @yl — mpL @y, L (76)

is an isomorphism of line bundles over Z?l = Y14, So define Lg := (L, 1), which gives
in fact a stable isomorphism, since L is a line bundle and the gerbe axiom (G1) for
the curvature of L is here equivalent to the axiom (SM1) for the curvature of the

line bundle of a stable isomorphism. Axiom (SM2) is equivalent to three copies of
axiom (G2) for the bundle gerbe G.

2.3 Structure II: Natural Equivalences
For a 1-morphism A : G — G’ the natural equivalences A and p are 2-morphisms

Aa:m(lg(e), A) = A (77)
OA : m(.A, 1g/<.)) — A (78)
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and the condition (4) on natural transformations is, that for every 2-morphism

g : A= A the diagrams

m(A, 1g (o)) === A

15(e), A
m(id,} ﬂ Mﬂ and m(@id)ﬂ Mﬁ (79)
lg(e), A) =5—=> A m(A', 1g:(e)) =5 A’

Aqr (Y

of 2-morphisms commute.

In the case of the 2-category B&tb(M) of bundle gerbes over M one is concerned
with the composition of the identity stable isomorphism 1g(e) = Lg defined in
section 2.2, with a stable morphism A = (A, «). Recall that A is a vector bundle
over some covering Z and that the composition is the stable morphism A o Lg
with covering Z = Y xy Z, vector bundle A = y*L ® 2*A and isomorphism
a = (1d® z*a) o (y*l ®id). For the definition of the morphism A4 : Ao Lg = A take
the covering Z with the map id : Z — Z to the covering of A and the map

Z2:Z — Z:z— (y2),y(2),2) (80)

to the covering of A o Lg, which is a section of the projection z : Z — Z. Note
that the two diagrams (60) from the definition of a morphism of stable morphisms
commute, so Z is a valid covering for A 4. Also the diagram

7—=7
yl y (81)
Y —>YH
commutes, so that one obtains 2*A = y*A*L ® A. Now I define
A= Ao(yt,®1) + 2*A — A, (82)

where A4 : 1® A — A is the canonical natural equivalence of the monoidal category

Bun(2).

PROPOSITION  2.3A. The isomorphism Ay from equation (82) defines a mor-
phism of stable morphisms Ay : AoLg = A, and the left diagram of (79) commutes.

Proof . First I show that A4 satisfies axiom (MSM), which demands that the
diagram

Zra

yL®GEA GrAy L
1@42*,\Al lq,\f@l (83)
yLeGA GA®yY L
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of isomorphisms of vector bundles over Z1Z commutes. Pasting in the definition of
@, of the isomorphism [ and of A4, I obtain the diagram

1®a
* *

ZY* pigan®l
*
By mipan 01 MGy tu®1)®1 (84)

*

1@AA(CGY tu®1)

* *

Note that by axiom (MC2) of the monoidal category Bun(Z) one has 1&A4((y*t,®
1) = 04(1 ® Gy*t,) ® 1. Now consider the pullback of the associativity axiom (G2)
for the isomorphism 1 of the bundle gerbe G by Aq190 : Y — Y which is

Algopio (Afpp @ 1) = Afjppo (1@ Alpyp). (85)
Observe that by construction of the maps y and Z we also have the relations
T340yo0 2 =Aln0y and mpgoyoZ=~Ajp0y. (86)

Combining (85) and (86) with Proposition 1.2B one obtains that the three iso-
morphisms on the left hand side of the diagram (84) compose to A4 (y*7it,®1)®1 =
Aa(Cly't, ® 1) ® 1, so that the diagram obviously commutes.

For the second part of the proof I rewrite the left diagram of (79) in terms of
isomorphisms of line bundles. Let W be the covering of the morphism g : A = A’
with maps z : W — Z and 2/ : W — Z'. By definition of the composition of
morphisms, 3 o A4 has the covering Z x; W = W, and Ag o m(id, §) has the
covering (Y xy W) x (v2xyzy 24 = W. So the two morphisms of stable morphisms
I have to compare already are defined over the same covering, hence the diagram is
equivalent to a diagram of isomorphisms of line bundles over W, namely

t,®1

¥ A Z*A
184 s (87)
z’*é’*fl’ el 2% Al

which obviously commutes. [

The discussion of the natural equivalence p is completely analogous to the one of
A, here one ends up with a morphism g4 : Lg o A = A of stable morphisms, which
is defined by

0a=0a0(1@Yy" ). (88)
Now I come to the definition of the natural equivalence «. For three 1-morphisms

A1z Aas

G Aut G (89)

Ga s
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the natural equivalence « is a 2-isomorphism
QAyg,A23, 434+ m(Aiz, m(Aaz, Ass)) = m(m(Aiz, Ass), Ass), (90)

and the condition (4) on natural transformations is, that for three 2-morphisms

A2 Az Aszq
e e P e NSl N
G \ﬁﬁ/gQ\if/g3\@ii/g4 (91)
./4/12 -A123 "4/34

the diagram

XAq9,A03,A34

m( Az, m(Ags, Aszs))
m(ﬁlz,m(ﬂzzsﬂzszx))ﬂ

m( Ay, m(Ass, Asy))

of 2-morphisms commutes.
In the 2-category B&tb(M) of bundle gerbes over M one is concerned with the
two ways

m(m(Aiz, Azs), Ass)
Mm(m(ﬁm,ﬁ%)ﬁu) (92)

XAl AL AL
=== m(m( Al Abg), Asy)

m( Az, m(Azz, Asq)) = (Ass 0 Azg) 0 App := (Aya4), a1(24)) (93)
m(m(Au, A23), A34) = Az 0 (A23 © A12) = (A(13)47 04(13)4) (94)

of composing stable morphisms. The natural equivalence « here is a morphism
Qdyp AosAss © (Ar2a), Q120)) = (Az)ys, @13)4) (95)

of stable morphisms. The following diagrams correspond to diagram (39) from sec-
tion 1.3, applied to the two ways:

2124 Z134
z24 213
212 \Z Z / 234
323/ 234\234 Zly 12?1\223
ZlQ ZZB Z34 ZlQ 223 Z34 (96)

NN SN RN S\ e
Y, Y, Y; Yo YW Y, Y3 Yy
W ml s el mf |
M M M M M M M M

In the left diagram, first the composition Ay, := Aszy 0 Aoz is computed, while in the
diagram on the right hand side first the composition A;3 := Az 0 Ay is done. By
definition of the composition of stable morphisms, the spaces Zi93, Zo34, Z134 and
Z194 are fibre products, in particular there is a canonical diffeomorphism

Ligy = (le XYy, 223) Xz L3y — L2 XY, (223 Xz Z34) = L4, (97)
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by which I identify the two spaces and call them just W in the following. This allows
me to choose W to be the covering of the morphism a4,, 4,4 45, With the identity
maps to Zy34 and Z194. Recall further that the vector bundles of the composed stable
morphisms are

Aipgy = 212412 ® 234 (253423 ® 23, Az4) (98)

Aazn = 213(212 412 ® 253A23) @ 23, Az, (99)
Recall from Definition 1.1B that the monoidal category Bun(W) comes with a
natural equivalence «, which is an isomorphism

QB,,By,B3 - Bl X (Bg X Bg) e (Bl X Bz) X B3 (100)
for any three vector bundles By, By and Bs over W. So define o .4,, 4,545, to be the
isomorphism

O Ayg,Az3,Aza - Oty A1g, 28, Aos 25, Asa - A1(24) B A(13)4- (10]—)

I have to show that the axiom (MSM) for morphisms of stable morphisms is satisfied.
Here this is the commutativity of the diagram

1(24)

Y1l ® (5 A1) Cr A1) @ ysLy
1®CF A 5,403,434 l lqo‘f\m%z:&«f‘m@l (102)

Y1 L ® G A@13)4 A3 @ yiLy

(13)4

of vector bundles over WZ. Recall that the isomorphisms of the composed stable
morphisms are defined by

A1(24) = QA15,A93®A34,L3 © (1 & 04A23,A34,L4) © (1 ®1® Z§4a34)
© (1 ® agglg,Lg,AgA) o (1 ® 2530523 & 1) © (1 ® aL2,A23,A34)
© &2}2,L27A23®A34 © (Zik2a12 ® 1) O &Lq,A12,A23®A34 (103)

and

Q(13)4 = QA5 As3,A34,L3 © (1 ® Z§4a34) © Oé2112®A23,L2,A34 © (O‘Ll,Am,Aza ® 1)
e} (1 ® 2530(23 & 1) e} (0[21127L27A23 & 1) e} (21}0412 ® 1 & 1)
© (aLl,A12,A23 ® 1) O Ly, A19®A23,A34 (104>

Up to occurrences of the natural equivalence « these two isomorphisms coincide, and
the commutativity of diagram (102) is equivalent to the Pentagon identity (MC1)
of the monoidal category Bun(WW[2).

It remains to show that « defined in (101) is a natural equivalence, i.e. the com-
mutativity of the diagram (92). I rewrite this diagram in terms of isomorphisms of
vector bundles over Z, namely

2ty A19,255 423,25, A3y

* * * * * * * *
219 A12 ® 224<223A23 ® 2341434) 213(272 412 ® 223A23) ® 23, A34

235812025, (ijgﬁ% ®25,634) E (2f2ﬂ12®2igﬁ23)®254ﬂ34

O x / * / * /
219 A19:233493:234 434

* !/ * * ! * ! * * ! * ! * /
279 A%y ® 254 (253 A% ® 23, A3,) 213(212 A%, ® 253A5;) @ 23, A3,
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Then the commutativity of this diagram is exactly the condition (4) that « is a
natural transformation.

2.4 Axioms

To complete the definition of the 2-category B&tb(M) of bundle gerbes over M, I
have to show, that the axioms (2C1) and (2C2) are satisfied. The Pentagon identity
(2C1) means for five bundle gerbes G, ..., Gs and four stable morphisms A; ;1 for
1 =1,...,4 the commutativity of the following diagram:

m(ida;,:@A93, 434, As5)

m(Am, m(A23, m(.A34, -A45))) m(A127 m(m(«‘b:a, -'434), A45))
QX Aq9,A93,m(Az4,445)
m(m(Aiz, Azz), m(Ass, Ass)) QA m(Ags, Azs),Ass

Om(A12,423),434,A45

m(m(m(Alg, A23), A34), A45)

m(m( Az, m(Ass, Asza)), Aus)

-1 .
m(aA12,A237A34 ’1dA45)

This form of the diagram from axiom (2C1) makes the name pentagon axiom [ML97]
obvious. To check the commutativity of this diagram, I work in the same notation
as in section 2.3. The coverings of all five compositions of stable morphisms are
again all canonically isomorphic and thus all identified with some space W. Then
the diagram is a diagram of isomorphisms of line bundles over W, namely:

1000 Agg 25, A3, 255 Aas

//——\

* * * * * * * *
219 A1 @ (253423 @ (23, A3 @ 215 A45)) 219412 @ (253423 ® 23, A34) ® 235 Ass)
Qe A12,255 423,254 A34 @555 Ads
<2T2A12 ® 2531423) ® (2’;:41434 &® Z25A45) QziyA12,255 42325, A34,A45

ZIQOCA ®Rz5,A93),2% Agy,zk A
12 234123):%344134:%454%45

(212412 ® 253 423) ® 23, A34) ® 235 A45 (279412 ® (253423 ® 234 A34)) ® 2545
ofl ®1

219 A12,253 423,23, A34

Here « refers via the definition (101) to the natural equivalence of the monoidal
category Bun(W). This way, the diagram is nothing else then the pentagon identity
(MC1) for the monoidal category Bun(W), evaluated on the four vector bundles
2z} i1 4ii+1, and thus commutes.

It remains to check axiom (2C2). The natural equivalences A and g give for every
stable morphism A : G — G’ morphisms Ay : Ao Lg = Aand g4 : Lgro A= A
of stable morphisms. In this terms, axiom (2C2) means for three bundle gerbes
G1,Ga, G3 and two stable morphisms A : G; — G, and A’ : Go — G3 the equality

m(idA, )\A/) = m(QA,idA/) o &A,£g2,A’ (105)
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of morphisms of stable morphisms from m(A, m(Lg,, A")) = (A o Lg,) o A to
m(A,A") = A" o A. By definition, the morphism m(id4, Ax) has the covering
W = Z Xy, Z' and the isomorphism

Br=(1@Nsa)o(1®2"(yst, ®1)) : 27A® (2" Y3 Lo @ 2" A') — 2*A® 2" A’ (106)

of line bundles over W. The morphism m(g4,1id 4) has the same covering Z and the
isomorphism

Bo = (0:2a®1)0(z"(1QYst,,) ®"A") : (ZFARZ Y3 L) @2" A" — 2" A® " A", (107)

Finally, since W = Z xy, Y2[2] Xy, Z', the space W is also the covering of the morphism
@A cg,,A» which provides us with an isomorphism

Bo = QurpysLyen : Z7A® (MY Ly @ 2" A) — (2"A® 2"ysLy) @ A’ (108)

of line bundles over W. Note that this makes only sense because W is the fibre
product over Ys, and one has ys 0 2 = y3 0 2/. Now the equality (105) is equivalent
to the equation

ﬁ)\ = ﬁg o ﬁa (109)

of isomorphisms of line bundles over W. Here the two occurrences of ¢,, drop out,
and it remains the triangle identity (MC2)

]_ ® Az’*A’ = (Qz*A ® 1) (@) Oéz*A,y;Lg,z’*A’ (110)
for the monoidal category Bun(1). Thus, axiom (2C2) is satisfied.

REMARK  2.4A. A 2-category is called strict, if all the natural equivalences
QA Ay Az, A and 04 are identities. From the preceding two sections it is clear that
the 2-category BGrb(M) is not strict.

Note that this is an essential property of bundle gerbes. Even if one works with
strictified categories of vector bundles we still obtain non-trivial natural equivalences
for B&Gtb(M ), namely

QaysAss Az, =1d but Ag =y, ®1 and o4 =1®y"t, (111)

instead of (101), (82) and (88).

2.5 1-Isomorphisms and stable Isomorphisms

In this section I relate the definition of a stable isomorphism from section 1.3 to the
definition of a 1-isomorphism of the 2-category B&tb(M) of bundle gerbes over M
from section 2.1.

THEOREM  2.5A. The I-isomorphisms of the 2-category B&tb(M) are exactly
the stable isomorphisms.



34 2.5 1-ISOMORPHISMS AND STABLE ISOMORPHISMS

Proof . A stable morphism A : G; — G, is a l-isomorphism, if there is another
stable morphism A’ : Go — G; such that there are morphisms of stable morphisms
— which are isomorphisms — from the composition A" o A to the identity stable
morphism Lg, and from the composition A o A’ to the identity stable morphism
Lg,. In this situation, the stable morphisms provide vector bundles A — Z and
A" — Z'. Recall that the compositions A" o A and A o A’ provide vector bundles
A= 2*A® 2" A and Ay := 2* A’ @ z* A. The existence of morphisms A’ o A = Lg,
and Ao A" = Lg, of stable morphisms implies

rank(A;) = rank(L;) =1 and rank(A,) = rank(Ly) = 1, (112)

so that A and A’ have to be line bundles. Hence, A and A’ are stable isomorphisms.
The proof that any stable isomorphism A is a l-isomorphism is given in the
following by an explicit construction of an inverse stable isomorphism A~! together
with two morphisms 7; : Ao A™! = Lg, and i, : A~ o A = Lg, of stable morphisms.
O

Let G; and Gy be two bundle gerbes over M, and let A = (A,«) be a stable
isomorphism A : G; — G,. Recall that A — Z is a line bundle whose curvature is
fixed by axiom (SM1), and

a: YiLi @ GA — (AR y;Lo (113)

is an isomorphism of line bundles over Z2! satisfying axiom (SM2).
The inverse stable isomorphism A~! = (A’, /) T have to define will have the same
covering Z and have the dual line bundle A’ := A*. Its isomorphism

o D Lo GA — GA ®yiL (114)
is the following concatenation:

Yy Lo @ (G A

~|
GA®GAR YL ® G A
1®a~1®1 (115)
GA" QYL @ GA® GAT

~|
GA @yiLy
Axiom (SM1) is
curV(A/) = —cwrv(A) = —(y,C2 — Y7 C1) = yiCy — y5Cs (116)

and hence satisfied. Axiom (SM2) can easily be deduced from the fact that it is
satisfied by a. So I have defined a stable isomorphism A~! : Gy — G;.
Now I have to construct the morphisms of stable morphisms

i Ao AN = Lg, (117)
ip : Ao A = Lg. (118)
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It suffices to construct the second one; the construction of 7; is completely analogous.
Recall that the composition A~ o A consists of the covering Z = Z Xy, 2, whose
projections on the factors I denote by z; : Z — Z, the line bundle A = AR 2 A
over Z, and the isomorphism & = (id ® 2*@/) o (z*a ® id) of line bundles over Z.
For the covering of the morphism i, I choose Z itself with projections id : Z — Z
and the natural map

g0 Z — Y (zz) v (=) wi(22)). (119)

to the covering Ylp] of the stable isomorphism Lg,. This is a valid choice since the
diagrams (60), here

id id

7—7 7—7
ﬂll Y1021 and §1l ly1022 (120)
e (] YW —="

commute. Let g, be the canonical projection from Z t0 Ys, and let b be the embedding
b:Z — ZP. Observe that the diagrams

7 — 7l A —Ls 70
g\\\ lm and yzl lyz (121)
1
y 12 ——C

commutes, so that one obtains an isomorphism
b'a @ §iLy @ 25A — ZTA®y; ALy (122)

of line bundles over Z. Then define the isomorphism 4, : A — y; Ly by the following
concatenation:

A

Hg

ZAR1® 23 A
1®yst., ®1
ZTAQ YSA* Ly ® 25 A* (123)

b*a~1®1

Uil ® 2 A® 25 A*
I=
yila
Here I use the isomorphism ¢,, : A*Ly — 1 from Proposition 1.2B. Note that in the

last step when pairing the dual bundles 25 A and 25 A* to the trivial line bundle, one
encounters the condition that A is a line bundle, i.e. that A is a stable isomorphism.
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It remains to show that i, satisfies the axiom (MSM) for morphisms of stable
morphisms. This is equivalent to the commutativity of the diagram

&

2yt @ GGA GA®ZyiLy
1®§~§irl lg}*z‘r@l (124)
Gimisly ® G Ly — G Ly @ §ima Ly

of line bundles over Z2. Using the definitions, this diagram is equivalent to the
following one:

2fa®l 25a®1
* k k
1®1®y; 75ty T T1®y§”ﬁu2 ®1
* * (125)
1®<~5aT Tl@fi*a
k — k - k
G Tigakty 1 YT ioaky ®1

Observe that both arrows with ¢, commute with the arrows with zfa and move to
the top. There are two projections (i34 : Z Bl — ZBl and (o4 : ZP) — ZB) regarding
ZP as a subspace of ZIl. The pullback of axiom (SM2) for a along (34 gives the
relation

(sja®1l)o(1® 550‘) = (1® y3A%505 ) 0 (a0 (1775001 ® 1) (126)
and its pullback along (o4 gives
(Ha®1)o(1®Ga) = (10 YA, ") o (hao (immum @ 1). (127)
Using these relations, the commutativity of the diagram reduces to the equation
(L@ ysmity, ® 1) o (1@ YAl 1) = (L@ L@ ysmity,) o (L@ Y3 ATy ). (128)

By Proposition 1.2B, both sides are separately the identity maps, so that the
diagram commutes, and i, is a morphism of stable morphisms. Since in every 2-
category inverse 1-isomorphisms are unique up to 2-isomorphisms, for every other
inverse stable isomorphism A’ : G’ — G there is a morphism 3 : A’ = A~! of stable
isomorphisms to the stable isomorphism A~! constructed here.

2.6 Holonomy of Bundle Gerbes and Bundle Gerbe Modules

Now that I defined inverses of stable isomorphisms, recall the definition 1.4A of
a trivialization of a bundle gerbe as a stable isomorphism from the gerbe G to the
canonical bundle gerbe 7, with B-field o. Concerning stable morphisms of those
canonical bundle gerbes, one has the following

PROPOSITION  2.6A. For any stable morphism A = (A,«) : Z,, — I,, with
covering ¢ : Z — M, the pair (A, a™1) is an object in the descent category Des(B, ().
The vector bundle DZ(A, a™) over M has the curvature oy — 0.
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Proof . Although this proposition can be obtained as a corollary of Theorem A.1
from the appendix, I give a direct proof. By definition, the projections m; : Z — M
to the covering M of Z, and my : Z — M to the covering of Z,, coincide with
(. Since the line bundle of the canonical bundle gerbes is the trivial line bundle,
the isomorphism « gives an isomorphism o' : (A — (3 A of line bundles over Z2.
Axiom (SM1) states curv(A) = (*(02— 01), and Axiom (SM2) reduces to the cocycle
condition for a, so that (A, ') is an object in the descent category Des(B, (). O

COROLLARY 2.6B. If Ty : G — I, and 1y : G — I, are two trivializations of
the same bundle gerbe G, the 2-form oo — 01 on M 1is closed and has integral periods.

Proof . By Proposition 2.5A and Corollary 1.3D the composition 707, " : Ly, —
Z,, is a stable isomorphism. Hence it defines a line bundle over M whose curvature
is o1 — 02. The curvature of a line bundle is a closed 2-form with integral periods. [J

This corollary is essential for the definition of the holonomy of a topological trivial
bundle gerbe G over a two-dimensional oriented smooth manifold M. Choose a
trivialization 7 : G — 7, and set

holg (M) := exp <2m /M g) cU(). (129)

This is independent of the choice of 7 and p.

Recall further Definition 1.4B of a symmetric bundle gerbe module as a stable
morphism from G to the canonical bundle gerbe Z,,. Suppose now that M is a smooth
manifold with boundary, and let G be a bundle gerbe over M with a symmetric
bundle gerbe module® £ : G — Z,,. Choose a trivialization 7 : G — Z,. Now, E07 !
is a stable morphism from Z, to Z,, defining a vector bundle £ over M by Proposition

2.6A. The parallel transport of this vector bundle around OM gives elements in
U(rank(FE)), such that their trace trholg(0M) € C is well-defined without respect
to a fixed covering point. Then define

holg ¢(M) = exp (27ri/ Q) -trholg(OM) € C. (130)
M

This expression is well-defined: if 77 : G — Z, is another trivialization, by the
properties of the 2-category B&tb(M) there is a morphism

EoT™ ' = (EoT Ho(ToT ™ (131)

of stable morphisms from Z, to Z,. According to Proposition 2.6A one obtains
the vector bundles £’ and E, and a line bundle A from the stable isomorphism
ToT':7, — I, with curvature o — ¢’. The existence of the morphism (131)
implies an isomorphism

5Tt would be sufficient to demand a bundle gerbe module for G restricted to the boundary
OM. Since we have not defined pullbacks of bundle gerbes (and therewith restrictions), we have to
assume a global bundle gerbe module here.
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E'~2AQFE,

of vector bundles over M. Then,

trholg/(OM) = trholaggr(OM)
= hola(OM) - trholg(OM)

= exp (27ri/ 0— g') - trholg(OM)
M

shows that the holonomy is well-defined.

(132)

(133)
(134)

(135)



Appendix: Descent stable Morphisms

In the previous publications on bundle gerbes, p.e. [MS00, Ste00, GR02], stable
isomorphisms between two bundle gerbes G; and G, over M are exactly those stable
isomorphisms in the sense of Definition 1.3B, whose covering Z is the fibre product
of the coverings of the bundle gerbes, Z = Y] x,; Y5. In this appendix I show, that
there is a stable isomorphism in the sense of the previous publications between G;
and G, if and only if there is one in the sense of Definition 1.3B. This way, the
stable isomorphism classes of bundle gerbes coincide.

In fact I show more, namely that any stable morphisms with some covering Z de-
scends to another one whose covering is the fibre product, so that both are equivalent
as stable morphisms:

THEOREM A.1l. For any stable morphism A : G — Gy there is a stable morphism
S Gy — G with covering P := Y] X Yo such that A and S 4 are isomorphic objects
in Hom(Gy, Gs).

I split the proof in a sequence of constructions and propositions. The plan is the
following. First I define a more suitable stable morphism I : G; — G, consisting
of a vector bundle K over some space W, and of an isomorphism & over W2, This
will be

K= ‘ng ¢) .A o) £g1 (136)

and is isomorphic to A as objects in $Hom(Gy, G,). This stable isomorphism will have
the following properties. The surjective submersion w : W — M factors through P,

w=pow (137)

for some map w : W — P. I will define an isomorphism k : wjK — wj;K over
the two-fold fibre product WI[;Q] = W xp W such that (K, k) defines an object in
Des(B,w) and the isomorphism # defines a morphism in Des(B,w?). Then I show
that

Sa = Dy (K) = (D, (K, k), Dy, (%)) (138)

defines a stable morphism with covering P.

Let the stable morphism A have covering ¢ : Z — M, a vector bundle A over Z
and an isomorphism o over Z. The covering w : W — M of the stable morphism
IC can be identified with

W 2Y) Xy Z X Yo (139)
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with the obvious projections y;, z and yy in the respective factors and two mixed
projections,

v W — N () — (n(2) (140)
B W — Y () — (12(2) 1) (141)

so that the vector bundle K of the stable isomorphism K is
K = (yi)" L1 ® 2" A ® (y3)" L. (142)

The isomorphism
Kyl @i K — Wi K @y Lo (143)

of the stable isomorphism & is an isomorphism of vector bundles over W which is
given by
k=121 (1)'h)o(1®z'a®1)o((y)'h®lx®l). (144)

Define w := (y1,y2) : W — P so that equation (137) is satisfied. Now consider the

two-fold fibre product of W over P, which is WE - Y1 X ZB x 3, Ys. One has the
relation
zow; =(; 0z (145)

as maps from WE 'to Z fori = 1,2, and an embedding
Why WE} — Wk (Y1, 21, 22, Y2) = (Y1, 21, Y2, Y1, 22, Y2)- (146)

Consider the pullback of the isomorphism  along the embedding wj;. Using the
definition of the isomorphisms /; and Iy from equation (76), this pullback has the
form

Wik = (1@ 1@ (45) Alpapi ) 0 (1@ kT @ 1) 0 (47) Afpgin @ 1@1),  (147)
with an isomorphism k : wi K — wj; K of line bundles over WE ) given by
F= () mhyn @1@le(l@a @1)o (101 () Tpy ). (148)

This composition indeed defines an isomorphism £ : wj K — w3 K the first map is
an isomorphism

1@1@ (y3) Tigps " wi(Yi Ly @ 2" A®y3Lo) — wiy; L @ 2" (A ® 2*"y3 Ly @ wiys Lo

due to (145) and two obvious relations between 7134 0 43 and y,. The second map is
an isomorphism

1@z a ' ®1:wiyiL @ 2*(A® 2"y Ly @ wiys Ly
— wiyr Ly @ 271 L ® 27 GA @ ways Lo,
and the third map is an isomorphism
(1) T ® 1@ 1 wiyi Ly @ 2"y L @ 2" GA @ wiys Ly — wi(yi L @ 2" A® y; L)

because of (145) and another relation between a4 0 y? and ;.
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PROPOSITION A.2. (K, k) is an object in the descent category Des(B,w) and k
is a morphism in the descent category Des(B,w?), i.e. the isomorphism k : wi K —
w3 K has the following two properties:

(a) k satisfies the cocycle condition wizk = wisk o wik.
(b) k commutes with the isomorphism k.

Proof .

(a) The cocycle conditions live over the space WE] ~ VY, xy ZB x, Yy which
comes with two projections y; : WE} — Yi[4] for i« = 1,2, and one projection
z: WE ' 7B, 1 write the cocycle condition as a diagram

* *

al< wisk (149)
|

*

*
and plug in the definition (148) of k. Then I obtain

1010(y3)* Tiaqt2
k *

102*(fa®1 101@(yd)* Tiaapy *
* *

(y])*miogny @11

* 1®z* ({3 (150)
1Q1Q(y3)* Thg4ht2
* LS
1®2z* (5301 (Y1) migu 1 ®1®1
* *
(y%)*WT34“1®1®1

I can pull the arrow with s on the left hand side to the top and the one with
17! to the bottom, because they act on different factors of the tensor products
than the arrows with «. Then I apply the associativity axiom (G2) of the bundle
gerbe G; on three arrows in the bottom, and the one for the bundle gerbe G,
on three arrows in the top. I end up with the diagram

1@1®(y5) " mip3p2®1
* *
1®z*q2a®1®1T
* 1R2*(};®1 (151)
1®1®z*<§3a®1T
* *
1®(y1)* T334 1 ®1@1

which is nothing but the diagram from axiom (SM2) for «, pulled back along
z: Wg'] — 7B So it commutes.
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(b) Note that the descend condition (24) for morphisms lives over W& x ) W2,

namely
(YL ® W K) ———=ai (Wi K © y5 L)
1®f§‘kl lf{k@l (152)
a3(yi L @ wiK) a3 (Wi K @ y3Ls)

Here a; and as are the projections into the two factors. Because the fibre product
is over PI? one obtains canonical projections f; = (w;,w;) : W x poy W —
WI[DQ] and the relations y; o a; = y; 0 as and w; 0 a; = wj o f; so that the diagram
is well-defined.

Again, I use the definitions of x and k. For simplicity, I suppress the canonical
projections to YI[G] and to YQ[G]. Then I obtain the following diagram:

Tlog1®1®1 ﬂi‘34u;1®1®1 1®ajz*a®1 1R1®@7 o612 1®1®ﬂf56u;1
* * *

* *
1Q1R108 61y | 1®1®ﬂf$5u21®1
* *

|
1®1®f)z* a1l 1®f;z*a @1l
!
* *
|
1®W;36M1®1®1 7r’1*35p,1®1®1®1

*

* * * *
Tloet1®1®1 ﬂ'fst}“q_l@l@l 1®a3z*a®1 1R1Q7] 4612 1®1®7T§56“2_1

I permute the order of isomorphisms where it is possible since they act on
different factors of tensor products, in the way that I get the diagram:

ﬂi‘34u;1®1®1 1®1®f5 2" a®l 1®ajz*a®1 1®1®1®®ﬂ§46u;1 1R1@7 o2
* * * * *
\ \

Tiaspy  ©101 1R1@m 561
¥ ]
* *
\ \
1@ 361 @11 117y 5,u,2_1®1
{ i
* *
Ty @101 1®1@m35602
v v
* 1 * 1 * * % * * % * * *
Tlsghy ®1®1 mispuy '@lelel  1®azfa®l 1Qf1z"a®1®l  18187],gH2
Due to the relations
zofy=(yo0z and zoa; ={(po0z (153)

and
zofi=Czoz and zoay=(uoz (154)
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one is able to apply the axiom (SM1) for the isomorphism a two times, namely

(@za®1)o(1® f3z'a) = (1®Tiuz") o 2" Charo (Mo @ 1) (155)
(fizra®1)o(l@a'a) = (18 Tus")o " Chao (T © 1) (156)

After this replacement, all occurrences of the isomorphisms 7 and us disappear
by using axiom (G2) for both ones three times each. One ends up with the
equality (j,a = ({,a. So the diagram commutes.

]

Now the proof of Theorem A.1 is completed with the following proposition.

PROPOSITION A.3. Let K = (K,k) : G — Gy be a stable isomorphism with
covering w : W — M, let p: P — M be another surjective submersion with a map
w: W — P such that w = pow and let k : wjK — wiK be an isomorphism of
vector bundles over Wl[f} such that (K, k) is an object and k is a morphism in the
descend category Des(B,w). Then,

(a) Di(K):= (DK, k),D(k)) is a stable isomorphism with covering P.
(b) D (K) and K are isomorphic objects in Hom(Gy, Gs).

Proof . (a) The axioms for D} (K) and K are equivalent because B is a stack and
hence D} is an equivalence of categories. (b) It is easy to construct a morphism
B : D:(K) = K by choosing the covering W with maps id : W — W to the covering
of K and w : W — P to the covering of D} (K). Then the stack B provides an
isomorphism 5 : w*D} (K, k) — K satisfying the axiom (MSM). O
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